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Eﬀect of surface stress on stress concentration near a spherical void in an elastic medium is examined in the frame-
work of continuum surface elasticity. It is assumed that the void is of spherical shape, and the elastic medium is elas-
tically isotropic and inﬁnitely extended. By using the Papkovitch–Neuber displacement potentials, the elastic ﬁeld
caused by a unidirectional remote load is obtained explicitly. Numerical results show that the inﬂuence of surface stress
becomes remarkable when the size of the void is reduced to nanometer scale, leading to that stress concentration near
the void depends not only on the void size but also on the remote load.
 2005 Elsevier Ltd. All rights reserved.
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Applying a load to an elastic solid containing a void, the stress near the void will be considerably larger
than the stress far away. Such a phenomenon, called stress concentration, has been studied extensively (Sa-
vin, 1961), as it may result in the failure of the solid. An important conclusion of the research based on
classical elasticity is that the level of stress concentration depends on the shape of the void, rather than
its absolute size. For example, the maximal stress along the edge of a circular in a uni-axially stressed inﬁ-
nite elastic plate is always three times the remote stress (Timoshenko and Goodier, 1951). Analogous result
can also be found for an inﬁnite elastic medium containing a spherical void subjected to a uni-axial uniform
remote stress (Selvadurai, 2000): the ratio of the maximal stress in the void surface to the remote stress
reads 3(9  5m)/2(7  5m), with m being Poissons ratio of the solid.0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2005.05.041
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aim of the present paper to examine the inﬂuence of surface stress on stress concentration near a void in
an elastic medium. As will be seen, the scenario is remarkably diﬀerent from that predicted by the classical
elasticity, especially when the size of the void is very small, say, on a nanometer scale.
The surface of solids is a special region of very small thickness (a few times of atom spacing). Since the equi-
librium lattice spacing in the surface is diﬀerent from that in the bulk, surface stress appears. For solids with
large characteristic dimensions, the volume ratios of surface region to the bulk material are small, the eﬀect of
surface stress then can be neglected because of its relatively small contribution. This is why the conventional
study on stress concentration ignoring the eﬀect of surface stress holds true for relevant engineering problems
where the size of voids is usually larger than micrometers. Nevertheless, for solids with small characteristic
dimensions, the surface-to-volume ratios are large and the surface plays much more important role, there is
thus a need to involve the contribution of surface stress. Indeed, solids with small feature sizes are nowadays
not uncommon with the progress in fabricating nanoscale devices. An example is the solids with nanoscale
void arrays which are assigned as photoluminescence emissions due to the transition between electron and hole
quantum states inside the pore walls (Fujikura et al., 2000). Incorporating the eﬀect of surface stress into the
study of the mechanical behavior of such devices may help to get deeper understanding of their reliability.
A general model for elastically isotropic solids with surface stress was elaborated by Gurtin andMurdoch
(1975). It was later extended by Gurtin et al. (1998) to treat interfacial stress as well. In this model, the surface
region is approximated as an elastic layer with vanishing thickness adhering to the underlying solid without
slipping. The elastic ﬁeld within the bulk solid is described by the diﬀerential equations of classical elasticity,
while the surface has its own elastic constants and is characterized by an additional constitutive law. Force
balance of the surface layer leads to a coupled system of boundary conditions for the bulk solid. Recently,
the model has been adopted by some authors in analyzing elastic responses of nanoscale structures, including
the stretching, bending and torsion of rods (Miller and Shenoy, 2000; Shenoy, 2002), small and large deﬂec-
tions of thin ﬁlms (He et al., 2004; Lim and He, 2004) and elastic ﬁelds caused by spherical or cylindrical
inclusions (Sharma and Ganti, 2002, 2004; Sharma et al., 2003) etc. All these studies show that the presence
of surface or interface stress results in that the elastic responses of the structures are size-dependent, quali-
tatively consistent with some experimental observations (see, e.g.Wong et al., 1997).
In this paper, the model proposed by Gurtin and Murdoch is utilized to account for the inﬂuence of sur-
face stress on stress concentration near a spherical void in an inﬁnite elastic solid. Note that the stress con-
centration around a spherical void coupled with surface stress was addressed in Sharma et al. (2003) as a
special case, but the solid there was presumed to sustain hydrostatic stress at inﬁnity. Consequently, the
solution does not apply to the case of a biased remote stress state. In addition, an incomplete form of Gur-
tin–Murdochs surface constitutive law was used in that paper, in which a term regarding the gradient of
surface displacement is missing. In view of this reason, the present study assumes that the inﬁnite solid
is uni-axially and uniformly stressed at inﬁnity. The corresponding boundary value problem is solved ana-
lytically with the help of the Papkovitch–Neuber displacement potentials. The solution involves the coupled
contribution from the bulk material and the surface, clearly indicating that the rule of linear superposition
in classical elasticity does not hold in the presence of surface stress. Numerical results show that the inﬂu-
ence of surface stress becomes remarkable when the size of the void is reduced to the scale of nanometers,
and the level of stress concentration near the void depends not only on the size of the void but also on the
magnitude and sign of remote stress.2. Basic formulation
Following Gurtin and Murdoch (1975), the surface region of a solid can be modeled as a layer of van-
ishing thickness adhering to the solid without slipping. When the solid is assumed elastically isotropic, the
6210 L.H. He, Z.R. Li / International Journal of Solids and Structures 43 (2006) 6208–6219static elastic ﬁeld in the interior of the solid is described, in the absence of body force, by the usual equa-
tions asr  r ¼ 0;
r ¼ 2leþ kðtreÞI;
e ¼ 1
2
ruþ ðruÞT
h i
;
ð1Þwhere r, e and u denote, in turn, stress, strain and displacement components, k and l are Lame´ constants,
and I the unity tensor. The surface has its own Lame´ constants k0 and l0, and the elastic response is gov-
erned byrR  R ¼ r  n;
R ¼ s0IR þ 2ðl0  s0ÞIREþ ðk0 þ s0ÞðtrEÞIR þ s0rRu;
E ¼ 1
2
Duþ ðDuÞT
h i
;
ð2Þin which R and E are the surface stress and surface strain, s0 is the surface tension, n is the outward unit
vector normal to the surface, IR and $R are, respectively, unity tensor and gradient operator deﬁned on the
surface, and Du = (I  n  n) Æ $Ru. Note that the last term in the second equation in (2) is often omitted in
some published studies.
Consider now a spherical void of radius R within an inﬁnite solid, as shown in Fig. 1. A rectangular
coordinate system (x1,x2,x3) with base vectors e1, e2 and e3 or a spherical coordinate system (r,u,h) with
base vectors er, eh and ez will be used alternatively, depending on convenience. It is assumed that the solid is
subject to a unidirectional stress r = re3  e3 at inﬁnity, with ‘‘’’ standing for tensor product. As a result,
the deformation is axisymmetric about the x3 axis. Referring to the spherical coordinate system, the dis-
placement of the solid can be expressed by u = urer + uheh. Substituting this into the second and then the
ﬁrst equation in (1), the following Naviers equation is obtainedFig. 1. Sketch of the problem under consideration.
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in which K = k/l and $ = er(o/or) + eh(o/roh). The corresponding stress tensor isr ¼ l Kr  uþ 2 our
or
 
er  er þ l 1r
our
oh
þ ouh
or
 uh
r
 
er  eh þ l Kr  uþ 2r ur þ uh cot hð Þ
 
eu  eu
þ l Kr  uþ 2
r
ouh
oh
þ ur
  
eh  eh. ð4ÞThis stress ﬁeld must fulﬁll the ﬁrst one in (2), i.e. the boundary condition at r = Rrrrer  er þ rrher  eh ¼  1R
oRrh
oh
 Ruu þ Rhh
 þ Rrh cot h
 
er  er
 1
R
oRhh
oh
þ Rrh  Ruu  Rhh
 
cot h
 
er  eh ð5Þand, in the meantime, satisfy the conditionrrrer  er þ rrher  eh ¼ rcos2her  er þ rsin2her  eh; ð6Þ
at r!1. In Eq. (5), the surface stress tensor is written asR ¼ s0 1R
our
oh
 uh
R
 
er  eh þ s0 þ 2ðk0 þ l0Þ þ s0½ 
ur
R
þ ðk0 þ 2l0Þ
uh
R
cot hþ ðk0 þ s0Þ 1R
ouh
oh
 	
eu  eu
þ s0 þ 2ðk0 þ l0Þ þ s0½ 
ur
R
þ ðk0 þ s0Þ uhR cot hþ ðk0 þ 2l0Þ
1
R
ouh
oh
 	
eh  eh. ð7ÞEqs. (3) and (5)–(7) compose the governing equations and the associated boundary conditions for the
system under consideration. The solution of the boundary value problem will be given analytically in
Section 3.3. Explicit solution
In axisymmetric conditions, the solution to Eq. (3) can be represented byu ¼ 1
2l
oU
or
þ r oW
or
 3þ K
1þ KW
 
cos h
 
er þ 1
2l
oU
oh
þ oW
oh
cot hþ 3þ K
1þ KW
 
sin h
 
eh; ð8Þwhere U = U(r,h) and W = W(r,h) are Papkovitch–Neubers potential functions satisfyingr2U ¼ 0; r2W ¼ 0. ð9Þ
The general solutions of the above harmonic equations are of the formX1
n¼0
bnrn þ cnrnþ1

 
Pnðcos hÞ; ð10Þin which Pn(cosh) is the Legendre polynomial, with P0(x) = 1, P1(x) = x and P2(x) = (3x
2  1)/2, etc. For
the present problem, U and W can take the following special forms:U ¼ c0
r
þ b2r2 þ c2r3

 
P 2ðcos hÞ; W ¼ b1r þ c1r2

 
P 1ðcos hÞ; ð11Þ
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with the associated boundary conditions, substituting Eq. (11) into (8) immediately gives the displacement
in the solid, and the result then can be used to obtain the corresponding stress when inserted into Eq. (4).
Invoking the condition at inﬁnity, i.e. Eq. (6), two independent algebraic equations of b1 and b2 are de-
rived which provideb1 ¼  1þ K
2þ 3Kr; b2 ¼
K
2þ 3Kr. ð12ÞSimilarly, by imposing the boundary condition on the void surface, i.e. Eq. (5), one has three independent
algebraic equations of c0, c1 and c2 which result inc0
R3
¼ n0rþ x0
s0
R
;
c1
R3
¼ n1r;
c2
R5
¼ n2r; ð13Þwhere n0, n1, n2 and x0 are dimensionless constants. The explicit expressions of these constants are rather
lengthy and thus are given in Appendix. They depend not only on the bulk and surface material properties
of the elastic body but also on the radius of the void. Consequently, by using Eqs. (11)–(13), the displace-
ment ﬁeld of the inﬁnite elastic body is obtained asur ¼ x0s0
2l
R
r
 2
þ rr
4l
2þ K
2þ 3K 2n0 þ
5þ 3K
1þ K n1
 
R
r
 3
 3
2
n2
R
r
 5" #
þ rr
4l
1 5þ 3K
1þ K n1
R
r
 3
 9
2
n2
R
r
 5" #
cos 2h;
uh ¼  rr
4l
1 2
1þ Kn1
R
r
 3
þ 3n2
R
r
 5" #
sin 2h.
ð14ÞThe corresponding stress ﬁeld readsrrr ¼ 2x0s0R
R
r
 3
þ r
2
1þ 4n0 þ
10þ 7K
1þ K n1
 
R
r
 3
þ ð3 KÞn2
R
r
 4" #
þ r
2
1þ 10þ 9K
1þ K n1
R
r
 3
þ 3ð3 KÞn2
R
r
 4" #
cos 2h;
ruu ¼ x0s0R
R
r
 3
 r
2
2n0 þ
3þ 2K
1þ K n1
 
R
r
 3
þ ð4þ KÞn2
R
r
 4" #
 r
2
3
1þ Kn1
R
r
 3
þ 3ð2þ KÞn2
R
r
 4" #
cos 2h;
rhh ¼ x0s0R
R
r
 3
þ r
2
1 2n0 þ
5þ 2K
1þ K n1
 
R
r
 3
 ð1þ KÞn2
R
r
 4" #
 r
2
1þ 1
1þ Kn1
R
r
 3
þ 3ð3þ KÞn2
R
r
 4" #
cos 2h;
rrh ¼  r
2
1 2þ 3K
1þ K n1
R
r
 3
 9n2
R
r
 4" #
sin 2h.
ð15Þ
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Having the expressions for the displacement and stress ﬁelds given in Eqs. (14) and (15), it is possible to
discuss some natures about the problem under consideration. A direct conclusion is that the linear super-
position law for solutions in the classical linear elasticity does not hold when surface stress is taken into
account. This is because the presence of surface stress leads to that both the displacement and stress ﬁelds,
Eqs. (14) and (15), are not proportional to the remote stress. For elucidation, consider now, for instance,
the stress component rrr. Obviously, according to Eq. (15) the expression of rrr can be written in a more
compact form as rrr = f1(r) + rf2(r,h), where f1(r) and f2(r,h) are known functions independent of the re-
mote load r. When uni-axial stresses r1 and r2 are applied, respectively, at inﬁnity, two solutions of rrr are
obtained and their sum read 2f1(r) + (r1 + r2)f2(r,h). This is not equal to the solution for the case when
applying a uni-axial stress r1 + r2 at inﬁnity, i.e. f1(r) + (r1 + r2)f2(r,h). Therefore, the superposition rule
is broken.
Around a small void, the stress caused by surface stress itself is quite large. To show this, let r = 0 and
write now the spherically symmetric stress ﬁeld as the following form with he help of Eqs. (A.1) and (A.3) in
Appendixrrr ¼ 2ruu ¼ 2rhh ¼ 2ls0lRþ k0 þ l0 þ s0=2
R
r
 3
. ð16ÞBy using the data for a freshly cleaved iron (Gurtin and Murdoch, 1978), i.e. k = 80 GPa, l = 70 GPa,
k0 = 8 N/m, l0 = 2.5 N/m and s0 = 1.7 N/m, the distributions of rrr and rhh near the void are plotted
in Fig. 2, where the results for voids with radius of 5 nm, 20 nm and 50 nm are shown. Clearly, in compar-
ison with the counterpart in classical elasticity, remarkable stress arises in the region around the void, with
the thickness of about a few times the radius. Both stress components attain the maximums at the position
closely near the surface of the void. The smaller the radius of the void, the larger the maximal stress. For a
void of 5 nm radius, the maximal radial and hoop stresses, rrr and rhh, can be nearly 0.7 GPa and1 2 3 4 5 6 7 8 9 10
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Fig. 2. Distribution of stress caused by surface stress around voids of diﬀerent radius.
6214 L.H. He, Z.R. Li / International Journal of Solids and Structures 43 (2006) 6208–62190.35 GPa, respectively. The corresponding strains err = our/or and euu = ehh = ur/r at the void surface are
respectively 0.49 · 103 and 0.25 · 103. The surface stress components Ruu, Rhh and Rrh can also be esti-
mated from Eq. (7). In the present case, Ruu = Rhh and Rrh = 0. In principle, Ruu and Rhh depend on the
deformation induced by them selves and thus the void size. However, numerical computation indicates that
such a dependence is so weak that it can be ignored: Ruu varies by an amount of only 1.35% relative to s0
when the radius of a void is reduced to 5 nm.
In a recent paper, Sharma et al. (2003) derived the solution to a solid containing a spherical void sus-
taining hydrostatic stress at inﬁnity. If the hydrostatic stress is zero, their analysis givesrrr ¼ 2ruu ¼ 2rhh ¼ 2ls0lRþ k0 þ l0
R
r
 3
. ð17ÞA term s0/2 is obviously missing in the denominator in Eq. (17) in comparison with (16). This is because an
incomplete form of Gurtin–Murdochs constitutive law for the surface was used in that paper, as mentioned
in Introduction of this paper. Yet, a detailed comparison between the numerical results of (16) and (17)
shows that the diﬀerence is minor, meaning that the approximation in Sharma et al. (2003) is reasonable.
Even if the remote stress r does not vanish, the impact of surface stress is still strong for solids with voids
of small sizes. Depicted in Figs. 3–6 are stress distributions around a void of 10 nm radius when the remote
uni-directional stress applied to the solid is 100 MPa, where the curves for the case of neglecting the eﬀect of
surface stress are also drawn for comparison. The material constants of the freshly cleaved iron given before
are used in the computation, and only the results for h = 0, p/4 and p/2 are shown. It is clear from Figs. 3–5
that surface stress drastically aﬀects the magnitudes of rrr, ruu and rhh in the vicinity of the void. Especially,
it even alters the signs of ruu and rhh at h = p/2 and p/4, respectively, as seen in Figs. 4 and 5. In contrast,
Fig. 6 reveals that the inﬂuence of surface stress on rrh is very small. The phenomenon can be explained by
recalling the expressions given in (15). The expression of rrh diﬀers from the other stress components in that
it does not include a term proportional to (x0s0/R)(R/r)
3, i.e. the sole contribution from the surface stress.1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
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Fig. 3. Distribution of rrr around a void at h = 0, p/4 and p/2.
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small void size. It seems that this is the real reason why rrh is insensitive to surface stress in the problem
considered here.
1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
-10
-8
-6
-4
-2
0
2
without surface stress
with surface stress
θ = 0
θ = /4
θ = /2
R=10 nm
σ = 100 MPa
D
im
en
sio
nl
es
ss
tr
es
s
10
4 σ
rr
/μ
Dimensionless distance r/R
π
π
Fig. 6. Distribution of rrh around a void at h = 0, p/4 and p/2.
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tation is also performed. As in the case when r vanishes, the dependence is still negligibly weak. For exam-
ple, under a remote load of r = 100 MPa, the maximal surface stress components are taken at, h = 0, 0 and
p/4, respectively, but the values are Ruu = 1.015s0, Rhh = 1.015s0 and Rrh = 0.6800 · 103s0, essentially of
the same orders as in the case when the solid does not undergo any remote load.10 20 30 40 50 60 70 80 90 100
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In this paper, the limit of rhh(r,u,p/2)/r when r approaches R, rather than Rhh(u,p/2)/r, has to be used to
reﬂect the level of stress concentration, because the surface stress is an average quantity over the thickness
of the surface region. Such a measurement of stress concentration is not exactly equivalent to the usual
stress concentration factor in the classical elasticity, but it is reduced to the latter if the eﬀect of surface
stress is ignored. The usual stress concentration factor is a constant independent of the void size. Neverthe-
less, in the presence of surface stress, this is not true. Fig. 7 illustrates the variation of the level of stress
concentration with the void radius for r = 10 MPa and 100 MPa, where the material constants are used
again in the computation. In the ﬁgure, the result for r = 10 MPa is positive, while the result for
r = 100 MPa is negative, both exhibit a common trend: the smaller the void, the higher the stress concen-
tration. Only for very large voids, the results approach the prediction by the classical elasticity (dashed
line). Such a multiplicity of stress concentration is attributed to the computation between the respect con-
tributions from the surface stress and remote load. As seen from (15), the surface stress creates a compres-
sive stress near the void that depends on the radius, but the remote load causes a tensile stress at h = p/2. In
general, the level of stress concentration is determined by the combination of the remote load and the void
radius. This brings additional complication to the practical analysis of stress concentration around a very
small void, typically of nano-scale radius.5. Conclusions
Inﬂuence of surface stress on stress concentration near a spherical void in a uni-axially stressed solid is
studied in the framework of continuum elasticity. The boundary value problem is solved explicitly by using
the Papkovitch–Neuber displacement potentials. It is found that the impact of surface stress is remarkable
when the void size is very small, typically of nanometer scale. Some conclusions can be made as follows:
• The linear superposition law of solutions in the classical linear elasticity is no longer valid in the presence
of surface stress. This means the solution of a linear elastic body subject to two loads is not the sum of
the two solutions corresponding to the cases where the loads are applied alone.
• In principle, surface stress depends on surface strain, but this dependence, in general, is very weak so that
it even can be ignored.
• Surface stress itself can create considerable stress ﬁeld around a small void, depending on the void
radius. In the region closely near the void, the stress caused by surface stress may drastically alter the
stress ﬁeld induced by remote load. As a consequence, the level of stress concentration near the void
depends not only on the void size but also on the sign and magnitude of the remote load.
It should be noted that the linear continuum model for surface elasticity has its size range of applicability
when applied to nano-structured solids. To insure the validity of the analysis, it seems that two conditionsmust
to be met. First, the characteristic dimension of the solid must be much larger than the thickness of the surface
region (typically a few angstroms), so that the surface region can be treated as a surface of vanishing thickness.
Second, the strain in the solid must be small enough, allowing for that a linear theory of elasticity can be used.
For these reasons, the smallest void considered in the numerical example of this study has the radius of 5 nm.
The size is much larger than the typical thickness of surface region. The radial and hoop strains on the surface
of such a small void caused by surface stress are 0.49 · 103 and0.25 · 103, respectively, as mentioned be-
fore. The values are essentially near the limit above which the linear theory for inﬁnitesimal deformations is
invalid. Therefore, when applying the present analysis to solids with smaller voids, the results would be ques-
tionable. The restriction is due to themodel itself. Indeed, the continuummodel cannot track the atomic detail
of deformable solids. To overcome this drawback, atomistic calculations are necessary.
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The dimensionless constants n0, n1, n2 and x0 in Eq. (13) are deﬁned byn0 ¼
A0 þ a0
2þ c0
; n1 ¼
ðA1 þ a1Þð1 b2Þ þ ðA2 þ a2Þc1
ð1 b1Þð1 b2Þ þ c1c2
;
n2 ¼
ðA2 þ a2Þð1 b1Þ þ ðA1 þ a1Þc2
ð1 b1Þð1 b2Þ þ c1c2
; x0 ¼ 2
2þ c0
;
ðA:1Þin whichA1 ¼  5ð1þ KÞ
14þ 9K ; A2 ¼
2ð1þ KÞ
14þ 9K ;
a1 ¼ 1þ K
14þ 9K
k0 þ 7l0  s0
lR
;
a2 ¼  4þ 3K
3ð14þ 9KÞ
k0  s0
lR
 2ð7þ 6KÞ
3ð14þ 9KÞ
l0
lR
;
b1 ¼
2ð2þ 3KÞ
14þ 9K
k0  s0
lR
 2ð4 3KÞ
14þ 9K
l0
lR
;
b2 ¼ 
6ð4þ 3KÞ
14þ 9K
k0
lR
 34þ 27K
14þ 9K
l0
lR
 22þ 9K
2ð14þ 9KÞ
s0
lR
;
c1 ¼
18ð1þ KÞ
14þ 9K
k0 þ 2l0  s0
lR
;
c2 ¼ 
2ð2þ 3KÞð4þ 3KÞ
3ð1þ KÞð14þ 9KÞ
k0
lR
þ 2ð2 9K 9K
2Þ
3ð1þ KÞð14þ 9KÞ
l0
lR
 26þ 33Kþ 9K
2
3ð1þ KÞð14þ 9KÞ
s0
lR
;
ðA:2ÞandA0 ¼  1
2
 10þ 7K
2ð1þ KÞ n1  3n2;
a0 ¼ 1
2
2 K
2þ 3K
2ð4þ 3KÞ
1þ K n1  6n2
 
k0 þ l0
lR
þ 1
2
2þ K
2þ 3K
2ð4þ 3KÞ
1þ K n1  9n2
 
s0
lR
;
c0 ¼ 2
k0 þ l0
lR
þ s0
lR
.
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